Abstract. A complex n-dimensional toric variety is equipped with a natural action of compact torus T n . In this paper, we introduce the notion of an almost simple polytope and compute the T n -equivariant K-theory, cobordism theory and cohomology theory of toric varieties associated to almost simple polytopes with rational coefficients. Moreover, we introduce the concept of divisive toric variety generalizing the similar concept for weighted projective spaces.
Introduction
A toric variety of complex dimension n is a complex algebraic variety with an action of algebraic torus (C * )
n having an open dense orbit, and it has been one of the main attraction in algebraic and symplectic geometry from 1970s. One of the reasons is their rich interaction with different fields of mathematics, such as representation theory and combinatorics. For instance, one may get a lattice polytope P from a projective toric variety X by the convexity theorem [Ati82, GS82] and vice versa by the Delzant's construction [Del88, Gui94] . Moreover, the lattice points in P give a weight decomposition of H 0 (X, L) as a torus representation, where L is a very ample line bundle over X.
Another interplay of toric varieties has been revealed from the theory of NewtonOkounkov bodies [KK12, LM09] . The results of [And13, HK15] show that a projective algebraic variety X admits a flat degeneration to the toric variety X 0 over a corresponding Newton-Okounkov body of X, where X 0 is singular in general.
From the topological point of view, it is natural to ask how to compute invariants of a toric variety in terms of the associated combinatorics. There are vast literatures which discuss this question for several invariants. For example, we refer to [Dan78, DJ91, Jur85] , [Mor93] , [BB00] , [BR98] for non-equivariant cohomology theories, and [Bag07, VV03] , [HHRW16, Section 7] for equivariant cohomology theories. However, most of the computations are focused on smooth toric varieties.
Turning the gear to singular toric varieties, the computation of invariants becomes much complicated. Indeed, their ordinary cohomology may not vanish in odd degrees in general, which does not simplify some spectral sequences such as Leray-Serre or Atiyah-Hirzebruch spectral sequences. More essential reasons can be found from the absence of nice enough cell structures on singular toric varieties. However, recent works of [HHH05] , [HHRW16] , [BFR09] and [BNSS] make a breakthrough in the computation of several cohomology theories.
The authors of [HHH05] considered G-invariant stratified spaces satisfying certain conditions, and developed the generalized GKM theory which generalizes many known results, see [HHH05, Remark 3.4 ]. It provides a combinatorial way to describe complex oriented torus equivariant cohomologies, say E * T [May96, Chapter XIII]. Then, the results of [HHRW16] provide nice descriptions of E * T for divisive weighted projective spaces in terms of piecewise algebras. Though a divisive weighted projective space is a singular toric variety, it is equipped with a nice torus invariant stratification obtained by the structure of iterated Thom spaces, which allows to apply the theory of [HHH05] . For general singular toric varieties, it is hard to find such a nice stratification.
The main purpose of this paper is to overcome such a difficulty for certain class of singular toric varieties with the aid of orbifold vector bundles. Then we give a description of complex oriented generalized torus equivariant cohomologies, but sacrificing integral coefficients, namely, we consider E * T (−) ⊗ Z Q in general. Here, T stands for the compact torus acting on a toric variety X and E * T can be Borel equivariant cohomology H * T , complex equivariant K-ring K * T following [Seg68] , and equivariant complex cobordism ring M U * T following [tD70] . This paper is organized as follows. In Section 2, we employ orbifold G-bundles to extend the G-invariant stratification of [HHH05] to an orbifold stratification. Using the orbifold version of Thom classes and Euler classes, we verify how the generalized GKM theory of [HHH05] can be extended to orbifold stratifications.
Section 3 is devoted to give a combinatorial characterization of toric varieties for which our main results hold. Such a class of toric varieties may have arbitrary toric singularities beyond orbifold singularities. Here, we bring the idea of retraction sequence [BSS17] of a convex polytope, which is a sequence of fixed points of X having orbifold singularities in certain invariant subspaces of X. Then, the application of generalized GKM theory of [HHH05] naturally follows from the discussion of Section 2.
In Section 4, we summarize the concept of piecewise algebras associated to a fan, which is studied in [HHRW16, Section 4]. Then, we establish Theorem 4.3 which describes E * T (X) ⊗ Q where X is a singular toric variety discussed in Section 3. Finally, generalizing the idea of divisive weighted projective spaces, we introduce the notion of a divisive toric variety in Section 5 to compute generalized equivariant cohomologies with integer coefficients. Such a variety satisfies all hypothesis which are necessary to apply the main theorem of [HHRW16] . The conclusion is stated in Proposition 5.3. 
Generalized Equivariant cohomologies over Q
The goal of this section is to extend the notion of generalized equivariant cohomologies to orbifold stratifications. Let G be a topological group, and X a Hausdorff G-space which may have a G-invariant stratification. Let E * G be a Gequivariant cohomology theory as defined in [May96, Chapter XIII] associated to a ring G-spectrum E which leads E * G (X) to a Z-graded commutative ring. Throughout this paper, the generalized equivariant cohomology theory is considered over Q, i.e., E * G (X) ⊗ Q, unless it is specified. For simplicity, we use E *
Let ξ : V → B be an E-orientable G-vector bundle (see [May96, p. 177] ). Let K be a finite group acting linearly on V , which commutes with G-action on V , preserves the fiber and E-orientation of ξ. Then, one may consider the induced fiber bundle ξ K : V /K → B, which we call a simple orbifold G-bundle. The associated disc bundle D(V ) → B and the sphere bundle S(V ) → B are invariant under K-action, as it acts linearly. Hence, one can define a q-disc bundle
Similar to the usual G-vector bundle, one can define E-orientations or Thom classes of a simple orbifold G-bundle.
Note that the Thom class u is natural under pullbacks. The restriction of the Thom class u to the base F via the zero section is called G-equivariant Euler class e G (ξ
for the zero section s : B → V /K. Notice that the collapsing map X → {pt} gives a morphism E * G (pt) → E * G (X), which yields an E Proof. Since K acts on V linearly and preserving the orientation, this follows from the equivariant Thom isomorphism [May96, Theorem 9.2, Chapter XVI].
We note that the non-equivariant version of the above proposition for singular cohomology has been studied in [PS10, Section 5]. Now we consider the following G-invariant stratification (2.1)
of a G-space X such that X = i≥1 X i and each successive quotient X j /X j−1 is homeomorphic to the Thom space T h(V j /K j ) of a simple orbifold G-bundles
which gives us the following cofibration
Now, one gets the following proposition about generalized equivariant cohomologies with rational coefficients by the induction on the stratification and by a similar arguments of the proof of [HHH05, Theorem 2.3].
Proposition 2.2. [HHH05, Theorem 2.3] Let X be a G-space with a stratification as in (2.1) and E * G a generalized cohomology theory. If each equivariant Euler class e G (ξ Kj ) ∈ E * G (B j ) of the associated simple orbifold G-bundle is not a zero divisor, then the inclusion ι :
An approach to compute the image of ι * in (2.2) has been discussed in [HHH05, Section 3]. We briefly outline that in the rest of this section according to our setting. Let X be a G-space with the G-stratification as in (2.1) which satisfies the following assumptions.
(A1) The simple orbifold bundles ξ Kj : V j /K j → B j are E-orientable and has a decomposition
into E-orientable simple orbifold bundles ξ Kjs , possibly V js can be trivial. (A2) The restriction of the attaching map φ j :
Kjs for some G-equivariant map f js : B j → B s , identifying B s 's with their images in X j−1 for s < j. (A3) The equivariant Euler classes e G (ξ Kjs ) are not zero divisors and pairwise relatively prime in E * G (B s ). We remark that the G-invariant stratifications with trivial K j 's are studied in [HHH05] . Nevertheless, under the above assumptions on a G-space X with the property as in (2.1), one may obtain the following proposition after slight modification in the proof of [HHH05, Theorem 3.1] with rational coefficients. Proposition 2.3. Let X be a G-space with the G-stratification as in (2.1) and satisfying assumptions (A1) to (A3). Then the image of ι
Toric varieties over almost simple polytopes
In this section, we give a combinatorial characterization of toric varieties which is essential for the main results of this paper. Let Σ be a full dimensional rational polytopal fan in R n and P the lattice polytope whose normal fan is Σ. The corresponding toric variety X Σ is equipped with an action of compact torus T n ⊂ (C * ) n . Here, we identify R n with the Lie algebra of T n .
Following the result of [Jur81] (we also refer to [CLS11, Theorem 12.2.5]), there is a T n -equivariant homeomorphism
where (t, p) ∼ (s, q) whenever p = q and t −1 s is an element in the subtorus T F (p) ⊆ T n whose Lie algebra is generated by the outward normal vectors of the codimension-1 faces of P which contain p if p is not in the interior of P . When p is in the interior of P , we consider T F (p) to be trivial.
Here, we notice that T n -action on (T n × P )/ ∼ is induced from the multiplication on the first factor of T n × P and the corresponding orbit map,
is given by [t, p] ∼ → p, where [t, p] ∼ denotes the equivalence class of (t, p). Therefore, the topology of a toric variety is completely determined by the combinatorics of the orbit space P and its geometric data, namely, outward normal vectors of codimension 1 faces of P . We discuss the combinatorics of P in Subsection 3.1 and study some topological information of X Σ obtained from the geometry of P in Subsection 3.2.
3.1. Retraction sequence of a convex polytope. The goal of this subsection is to introduce a combinatorial characterization of certain convex polytopes. Let ℓ denote the number of vertices of a convex polytope P . We consider a finite sequence
of subspaces of P defined inductively as follows: We set the initial term P ℓ = P . Given P i , we choose a vertex v i of P i having v i has a neighborhood U vi in P i such that U vi is homeomorphic to
as manifolds with corners for some 1 ≤ k ≤ dim P i . A vertex v i with this property is called a free vertex. Then, we construct P i−1 by deleting all faces containing v i from P i . We call a sequence (3.2) of subspaces of P constructed as above a retraction sequence of P , if the sequence ends up with a vertex of P .
Example 3.1. Let P be a 3-dimensional polytope given by the following system of inequalities;
It is a 3-dimensional example of Gelfand-Zetlin polytopes which play an important role in many researches, such as [And13, CKO, Kir10] . Figure 1 describes a retraction sequence of P .
Example 3.2. A cone C(P ) on a simple polytope P has a retraction sequence. Indeed, it is shown in [BSS17, Proposition 2.3] that every simple polytope has at least one retraction sequence. Let P ℓ ⊃ · · · ⊃ P 1 be a retraction sequence of P . Then, C(P ℓ ) ⊃ · · · ⊃ C(P 1 ) ⊃ * is a retraction sequence for C(P ), where * is the apex of C(P ). Moreover, if P is a lattice polytope and the apex * is chosen to Figure 1 . A retraction sequence of 3-dimensional Gelfand-Zetlin polytope. be a lattice point, then C(P ) is lattice polytope which is not simple unless P is a simplex.
Example 3.3. Some retraction sequences for 3-dimensional Bruhat interval polytopes (see [TW15] ) are described in [LM, Figures 25, 27 ]. Now, we introduce the following definition, which we shall mainly consider throughout this paper. Notice that polytopes in Examples 3.1, 3.2 and 3.3 are almost simple, but not simple polytopes. We also note that not every convex polytope has a retraction sequence, for instance the convex hull of {±(1, 0, 0), ±(0, 1, 0), ±(0, 0, 1)}. It is a 3-dimensional convex polytope with 6 vertices, and each of vertices does not have any neighborhood homeomorphic to R 3 ≥ . 3.2. Torus equivariant stratifications. From now on, we consider a toric variety X whose orbit space, via the orbit map η : X → P defined in (3.1), is an almost simple polytope P .
Furthermore, the quotient X j /X j−1 is homeomorphic to the Thom space T h(ξ Kj ) of the simple orbifold T n -bundle
for some k j ∈ N and finite abelian group K j , where v j ∈ V (P ) denotes the free vertex of P j to define P j−1 , for j = ℓ, . . . , 2.
Proof. Given a retraction sequence P ℓ ⊃ · · · ⊃ P j ⊃ P j−1 ⊃ · · · ⊃ P 1 , we define X j := η −1 (P j ) for j = 1, . . . , ℓ. Then, X j−1 ⊂ X j as P j ⊃ P j−1 . Since η is the orbit map with respect to T n -action, the stratification (3.3) is T n -equivariant. To prove the second assertion, we consider the unique maximal face E j of P j which contains v j , and denote by U j ⊂ E j the union of all relative interiors of faces in E j containing v j . For instance, the colored faces in Figure 1 are U j for j = 1, . . . , 7. Then, one can see from the property of a free vertex that U j is homeomorphic to R kj ≥ as manifolds with corners, where
Let R kj Ej be the k j -dimensional subset of R n generated by the normal vectors of facets whose intersection is E j . Since v j is a free vertex of E j , there are k j -many facets, say F 1 , . . . , F kj , such that
and µ 1 , . . . , µ kj , the images of primitive outward normal vectors of F 1 , . . . , F kj , respectively. Now, the result of [BNSS, Proposition 4.4] shows
where (3.6)
Here, one can regard the space (3.5) as the q-disc bundle of a simple orbifold
where the standard T kj -action on C kj induces the action on C kj /K j , and T kj acts on the fixed point π −1 (v j ) trivially. Note that T n acts on this bundle via the projection of T n → T kj determined by (3.4). Hence we have the following T n -equivariant homotopy equivalences
Proposition 3.6. The T n -equivariant stratification as in (3.3) satisfies assumptions (A1), (A2) and (A3) in Section 2.
Proof. Recall that B j in (3.3) is the fixed point and the bundle ξ Kj : V j /K j → B j in (A1) is the bundle in (3.7) for j = 1, . . . , ℓ.
Observe that the total space in (3.7) is a quotient of a T n -representation on C kj where K j is a subgroup of T n . Therefore C kj can be decomposed into 1-dimensional representations as
for some characters α i :
for some subgroups H 1 , . . . , H kj of K j . This proves assumption A(1). The quotient of 1-dimensional representation C(α i ) by T n -action is identical to R ≥0 which corresponds to an edge e i of U j , since η −1 (U j ) → η −1 (v j ) is the associated q-disc bundle of ξ Kj . So the bundle C(α i )/H i → B j is isomorphic to the bundle η −1 (e i ) → η −1 (v j ). Note that one can write the attaching map φ j explicitly following the proof of [BSS17, Theorem 4.1]. Therefore, φ j | S(C(αi)) is a vertex which is another vertex of e i in E j . A pictorial explanation is given The following is an application of Proposition 2.3 to the category of toric varieties.
Proposition 3.7. Let X be a toric variety over an almost simple polytope and |X
We note that H * T n (pt) and K * T n (pt) are isomorphic to the ring of polynomials and the ring of Laurant polynomials with n-variables, respectively. For M U * T n (pt), though its structure is unknown, it is referred as the ring of T n -cobordism forms in [HHRW16] .
Piecewise algebras and Applications
We begin this section with summarizing the concept of some piecewise algebras associated to a fan, studied in [HHRW16, Section 4]. The authors apply those algebras to weighted projective spaces to get a description of generalized equivariant cohomologies with integral coefficients. Here, we generalize their several results to a wider class of singular toric varieties discussed in Section 3.
Recall that if σ is a cone in a fan Σ, then all of the faces of σ belongs to Σ. This leads us to form a small category cat(Σ) whose objects are elements of Σ and morphisms are face inclusions. The zero cone {0} is the initial object of this category.
Let Σ be an n-dimensional rational fan in R n , namely, one-dimensional cones are generated by rational vectors in R n . Here we may identify R n with the Lie algebra of T n . Given a k(≤ n)-dimensional cone σ ∈ Σ, we consider a subtorus T σ generated by primitive vectors spanning 1-dimensional cones in σ. For the category T n -top of T n -spaces, we define a diagram
, where the projection T n /T τ ։ T n /T σ is induced from the natural inclusion T σ ⊆ T τ . Then, the toric variety X Σ associated to Σ is homotopy equivalent to the homotopy colimit hocolimV of (4.1), see for instance [HHRW16, Section 4] as well as [Fra10, WZZ99] . Next, regarding E * T n as a functor from T n -top to the category gcalg E of graded commutative E * T n -algebras, we consider the following composition
which leads us to the following definition.
Definition 4.1. [HHRW16, Definition 4.6] Let Σ be a rational fan in Σ, we call lim EV the piecewise algebra over E * T n . Furthermore, as the theory E * T n is chosen to be H * T n , K * T n and M U * T n we denote the associated piecewise algebra by • P P [Σ], the algebra of piecewise polynomials, • P L[Σ], the algebra of piecewise Laurant polynomials, and
, the algebra of piecewise T n -cobordism forms, respectively.
We note that the object EV(σ) can be calculated explicitly as follows. The natural action of T n on V(σ) = T n /T σ yields a T n -representation η σ on which T σ acts trivially. Since T n is abelian, η σ is decomposed into 1-dimensional representations, say
. Regarding each term of (4.2) as an S 1 -bundle, disc bundle over a point and the associated Thom space, respectively, we may consider the equivariant Euler class e T n (η σ (i)) ∈ E * T n for each i = 1, . . . , n − k. Proposition 4.2. [HHRW16, Section 4, (4.11)] Theorem 4.3. Let X P be a toric variety over an almost simple polytope P and Σ P the normal fan of P . Then,
T n (X P ) is isomorphic to P C[Σ Q ] as an M U * T n (pt)-algebra.
Divisive toric varieties
In this section, we introduce the notion of divisive toric varieties. This concept is motivated by weighted projective spaces [BFR09] and defined on the category of toric varieties. Then we follow the same arguments as we discussed in Section 4. Here all cohomology theories can be considered with integral coefficients.
Definition 5.1. Let X be a toric variety satisfying the hypothesis of Proposition 3.5. If the finite groups K j 's in (3.7) are trivial, then we call X a divisive toric variety.
Example 5.2. Recall the 3-dimensional Gelfand-Zetlin polytope P described in Example 3.1. The outward normal vectors of facets intersecting v 7 in P 3 of Figure  1 are (−1, 0, 0), (0, 1, 1) and (0, 1, 0) , which form a integral basis of Z 3 . Hence, the finite group K 7 defined in (3.6) is trivial. To compute K 6 , we consider the facet given by {x = 1} whose primitive outward normal vector is (1, 0, 0). In this case, the map (3.4) yields the projection T 3 ։ T 2 onto the last two coordinates. Hence, K 6 = ker(ρ : T 2 → T 2 ), where ρ(t 1 , t 2 ) = (t 1 t 2 , t 1 ), which is trivial. We refer to [BSS17, Proposition 4.3] for the general statement about this computation. Finally, one can conclude by similar computations for the other vertices v 5 , . . . , v 2 that the associated toric variety X P is divisive.
Note that [HHRW16] defines the piecewise algebras of a fan with integral coefficients which is summarized in Section 4 with rational coefficients. We denote the algebra of piecewise polynomials, the algebra of piecewise Laurant polynomials and the algebra of piecewise cobordism forms with integral coefficients by P P Z [Σ], P L Z [Σ] and P C Z [Σ] respectively. If a toric variety is divisive, then it is equipped with a T n -equivariant stratification in the sense of [HHH05, Section 2]. So one can apply their results to divisive toric varieties, which yields the following proposition with integral coefficients.
